This paper is concerned with the frictionless unilateral contact problem (i.e., a Signorini problem with the elasticity operator). We consider a mixed finite element method in which the unknowns are the displacement field and the contact pressure. The particularity of the method is that it furnishes a normal displacement field and a contact pressure satisfying the sign conditions of the continuous problem. The a priori error analysis of the method is closely linked with the study of a specific positivity preserving operator of averaging type which differs from the one of Chen and Nochetto. We show that this method is convergent and satisfies the same a priori error estimates as the standard approach in which the approximated contact pressure satisfies only a weak sign condition. Finally we perform some computations to illustrate and compare the sign preserving method with the standard approach.
Introduction
Finite element methods are efficient and widespread tools in computational contact and impact mechanics (see Han and Sofonea, 2002; Haslinger et al., 1996; Kikuchi and Oden, 1988; Laursen, 2002; Wriggers, 2002) , and mixed formulations involving a displacement field u in the bodies and the contact pressure σ n (u) on the contact zone are commonly used. A particularity of the contact problem lies in the so-called unilateral conditions linking on the contact zone Γ C , the normal displacement field u n and the Lagrange multiplier λ = −σ n (u):
The mixed finite element method we consider, introduced by Hild and Nicaise (2007) , furnishes an approximated normal displacement field u hn and an approximated multiplier λ h which satisfy
λ h u hn = 0 at the nodes of Γ C .
Such a method shows three interesting aspects in comparison with the standard approach in which the multiplier is only nonnegative in a weak sense (see, e.g., Ben Belgacem and Renard, 2003; Coorevits et al., 2002; Hüeber and Wohlmuth, 2005a ):
• The nonnegative multiplier is more relevant from a mechanical point of view.
• This multiplier vanishes where the body separates (the multiplier of the standard approach may reveal some artificial oscillations in the separation zone).
• It allows defining a simple a posteriori error estimator whose numerical analysis gives better bounds than for the error estimator arising from the standard approach (see Hild and Nicaise, 2007) .
Let us mention that there exist other mixed formulations leading to a priori error estimates with nonnegative multipliers and normal displacement fields which do not satisfy the nonpositivity condition (see Ben Belgacem and Brenner, 2001; Ben Belgacem and Renard, 2003; Haslinger et al., 1996) .
The paper is organized as follows. In Section 2 we introduce the equations modelling the frictionless unilateral contact problem between an elastic body and a rigid foundation. We write the problem using a formulation where the unknowns are the displacement field in the body and
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P. Hild the pressure on the contact area. In Section 3, we choose a discretization involving continuous finite elements of degree 1 for the displacements and continuous piecewise affine multipliers on the contact zone. The main particularity of this approach is that both the normal displacement and the multiplier solution to the discrete problem satisfy the same sign conditions as the normal displacement and the multiplier solving the continuous problem.
More precisely, the displacement field of the sign preserving method coincides with the one in the standard approach, and the multipliers are linked by a linear operator which transforms the functions satisfying some "weak" nonnegativity conditions into nonnegative functions. In Section 4, we study and discuss the main basic properties of the positivity preserving averaging operator which requires minimal regularity. Section 5 is concerned with the a priori error analysis of the sign preserving method. We prove that the method is convergent when using convenient regularity assumptions on the solution to the continuous problem, and we obtain similar a priori error estimates as for the standard approach. In Section 6 we implement both methods and compare them using several examples. As expected, the sign preserving method furnishes more relevant multipliers and no loss of convergence is observed in comparison with the standard approach. Finally, we mention that the results in this paper obviously hold for the simpler Signorini problem with the Laplace operator.
As usual, we denote by (H s (·)) d , s ∈ R, d = 1, 2 the Sobolev spaces in one and two space dimensions (see Adams, 1975 
Unilateral contact problem in linear elasticity
We consider an elastic body Ω in R 2 where plane strain assumptions are made. The boundary ∂Ω of Ω is polygonal, and we suppose that ∂Ω consists of three nonoverlapping parts Γ D , Γ N and Γ C with meas(Γ D ) > 0 and meas(Γ C ) > 0. The normal unit outward vector on ∂Ω is denoted by n = (n 1 , n 2 ), and we choose as the unit tangential vector t = (−n 2 , n 1 ). In its initial stage, the body is in contact on Γ C which is supposed to be a straight line segment, and we suppose that the unknown final contact zone after deformation will be included in Γ C . The body is clamped on Γ D for the sake of simplicity. It is subjected to volume forces f = (
The unilateral contact problem in linear elasticity consists in finding a displacement field u : Ω → R 2 satisfying the equations and conditions (1)-(6):
where σ = (σ ij ), 1 ≤ i, j ≤ 2, stands for the stress tensor field and div denotes the divergence operator of tensor valued functions. The stress tensor field is obtained from the displacement field by the constitutive law of linear elasticity:
where A is a fourth order symmetric and elliptic tensor whose coefficients lie in C 1 (Ω), and ε(v) = (∇v + t ∇v)/2 represents the linearized strain tensor field. On Γ D and Γ N , the conditions are as follows:
For any displacement field v and for any density of surface forces σ(v)n defined on ∂Ω, we adopt the following notation:
The three conditions describing unilateral contact on Γ C are (see, e.g., Duvaut and Lions, 1972; Eck et al., 2005; Fichera, 1964; 1972) 
Finally, the equality
on Γ C means that friction is omitted. The mixed variational formulation of (1)-(6) uses the Hilbert space
The Lagrange multiplier space M is the dual of the normal trace space N of V restricted to Γ C . If the end points of
00 (Γ C )). We next define the following convex cone of multipliers on Γ C :
where the notation ·, · ΓC represents the duality pairing between M and N . Define
for any u and v in V and μ in M .
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The mixed formulation of the unilateral contact problem without friction (1)-(6) consists then in finding u ∈ V and λ ∈ M + such that
An equivalent formulation of (7) consists in finding
Another classical weak formulation of the problem (1)- (6) is a variational inequality: Find u such that
where K denotes the closed convex cone of admissible displacement fields satisfying the non-penetration conditions:
The existence and uniqueness of the solution (λ, u) to (7) was given by Haslinger et al. (1996) . Moreover, the first argument u solution to (7) is also the unique solution of the problem (8) and λ = −σ n (u).
Finite element approximation
A regular family of triangulations denoted by T h is associated with the body Ω (see Brenner and Scott, 2002; Ciarlet, 1991) . The closed triangles K ∈ T h are of diameter h K , and we set h = max K∈T h h K . In order to use inverse inequalities on the contact area, we suppose that the one-dimensional mesh inherited on Γ C is uniformly regular, and we denote by h C a parameter representing the size of the elements on the contact zone (if the entire mesh is uniformly regular, as will be the case in the computations, we can merely choose h C = h). The finite dimensional space involving continuous affine finite elements is
The normal trace space on the contact zone is defined as
and the nonnegative functions of W h become
The discrete problem approximating (7) is the following:
where I h stands for the standard Lagrange interpolation operator of degree 1 defined at the nodes of
for any node x in Γ C , and I h v is an affine function between two nodes. The following proposition proves the existence of a unique solution to the problem (9). It also gives some elementary properties of the solution and describes links with a standard variational inequality.
Proof. (i) Since we deal with the finite dimensional case, we only need to check (see Theorem 3.9 and Example 3.8 of Haslinger et al., 1996) that
is a norm on W h . Thus we have to verify that
which is satisfied according to the definition of W h . Hence the problem (9) admits a unique solution
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Taking μ h = 0 and μ h = 2λ h in (9) leads to
From λ h u hn ≤ 0 on Γ C and since c(λ h , u h ) = 0, we come to the conclusion that I h (λ h u hn ) = 0 on Γ C . That proves point (ii).
(iii) From (9) and c(λ h , u h ) = 0, we get
and for any v h ∈ K h , we obtain
Putting together (11) and (12) implies that u h is a solution of the variational inequality (10) which admits a unique solution according to Stampacchia's theorem.
The standard approach (see, e.g., Ben Belgacem and Renard, 2003; Coorevits et al., 2002; Hüeber and Wohlmuth, 2005a) consists in solving the following discrete problem (using the same arguments as in the previous proposition, it admits a unique solution):
where
The next proposition establishes a link between the solutions of the problems (9) and (13).
Proposition 2. The solutions (λ h , u h ) and (θ h , w h ) of the problems (9) and (13) satisfy what follows:
Proof.
(i) The same discussion as in points (ii) and (iii) of Proposition 1 and some polarity arguments (see, e.g., Hild, 2000; Hild and Nicaise, 2007) which we describe hereafter prove that w h is also the unique solution of the variational inequality (10). Let us briefly summarize the result: Choosing μ h = 0 and μ h = 2θ h in (13) 
* stands for the positive polar cone of X for the inner product on W h induced by b(·, ·), (Hiriart-Urruty and Lemaréchal, 1993, p. 119) . We have (M
Hence w h is the unique solution of the variational inequality (10) and point (iii) of Proposition 1 establishes the result.
(ii) From (i) and the equalities in (9) and (13), we deduce that
We choose v h such that v hn = ψ x where ψ x is the scalar basis function of W h at node x ∈ Γ C . As a consequence,
This proves that λ h = π h θ h , where π h is the linear operator defined above.
Positivity preserving averaging operator: Basic properties
Now, we intend to study the basic properties of the operator π h defined in Proposition 2. It is obvious that π h is a linear averaging operator (for other averaging operators, see, e.g., Bernardi and Girault, 1998; Chen and Nochetto, 2000; Clément, 1975; Hilbert, 1973; Scott and Zhang, 1990; Strang, 1972) , and that it not only preserves the nonnegative functions, but also satisfies π h (M + h ) = W + h , which means that it transforms finite element type functions with a weak nonnegativity condition into nonnegative functions (such a property is also satisfied by the operator in the work of Chen and Nochetto (2000) ). For a detailed discussion concerning positivity preserving finite element approximation, we refer the reader to the work of Nochetto and Wahlbin (2002) . Obviously, π h v h = v h in the general case when v h ∈ W h . Moreover, it is easy to see that π h (W h ) = W h . Finally, it is straightforward to check that any locally constant function is reproduced locally by π h (this is not the case for locally affine functions, since the meshes on Γ C do not have the same length), and that
, which means that the operator preserves globally the average (note that a local average preserving property does not hold). In the following proofs, we denote by C a positive generic constant independent of the discretization parameter h. Now we show the L 2 -stability property of π h .
Lemma 1. There is a positive constant C independent of
denotes the set of closed edges lying in Γ C )
Let γ x be the support of the basis function ψ x in Γ C . Using the definition of α x (v) in Proposition 2, the Cauchy-Schwarz inequality, and the uniform regularity, we get
Denoting by N h the set of nodes of Γ C , we obtain by a triangular inequality
The next lemma is concerned with the L 2 -approximation properties of π h .
Lemma 2. There is a positive constant C independent of h such that for any
When η = 0, the bound results from the previous lemma. Note that π h preserves the constant functions on Γ C . Let there be given an arbitrary constant function c(x) = c, ∀x ∈ Γ C . From the definition of π h , we may write for any
Therefore, by Lemma 1 we get
We then choose c = γE v(x) dx/|γ E | in (17), where |γ E | denotes the length of γ E . Then, if x ∈ γ E and 0 < η < 1, we have
Using the Cauchy-Schwarz inequality, we deduce that
which is our claim. If x ∈ γ E and η = 1, we have
where the notation v stands for the derivative of v. Hence
The result is then straightforward.
An open question is concerned with the optimal approximation properties of π h in dual Sobolev spaces (typically H − 1 2 (Γ C )). It is easily seen that the L 2 (Γ C )-projection operator onto continuous and piecewise affine functions as well as the L 2 (Γ C )-projection operator onto piecewise constant functions satisfy such properties. On the contrary, it can be shown that the Lagrange interpolation operator as well as the L 2 (Γ C )-projection operator applied to nonnegative functions and mapping onto W + h do not fulfil such properties. Unfortunately, the counter examples for the last two operators use the fact that the average of the function is not preserved and this is not the case for π h (see (16)).
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A priori error estimates
Now we intend to analyze the convergence of the finite element problem (9). In the forthcoming error analysis we suppose that u ∈ (H 3 2 +η (Ω)) 2 with 0 < η ≤ 1/2, which implies that u n is continuous on Γ C (which is a straight line segment). Set
In order to obtain an optimal convergence rate, we have to use the following assumption:
The number of points in
The case where (18) is not valid is considered by Corollary 1. Let us first recall the result established in Hüeber and Wohlmuth (2005a) .
Lemma 3. (Hüeber and Wohlmuth, 2005 ) Let (λ, u) be the solution of (7), and let (θ h , u h ) be the solution of (13).
Assume that (18) holds. Let the regularity assumption u ∈ (H 3 2 +η (Ω)) 2 with 0 < η ≤ 1/2 hold. Then there exists a positive constant C independent of h and satisfying
This result and the triangle inequality imply the bound in the next lemma.
Lemma 4. Let (λ, u) be the solution of (7), let (λ h , u h ) be the solution of (9), and let (θ h , u h ) be the solution of (13). Assume that (18) holds. Let the regularity assumption u ∈ (H 3 2 +η (Ω)) 2 with 0 < η ≤ 1/2 hold. Then there exists a positive constant C independent of h satisfying
Now we have to estimate the term λ h − θ h − 1 2 ,ΓC . A first bound is given hereafter.
Lemma 5. Assume that the hypotheses of Lemma 4 hold. Then there exists a positive constant C independent of h and satisfying
Proof. From the discrete inf-sup condition (see, e.g., Coorevits et al., 2002) 
and (15), we get
Besides, we have
where E C h denotes the set of closed edges (of triangles) lying in Γ C . From numerical integration (trapezoidal formula) and the Cauchy-Schwarz inequality, we get
where h E denotes the length of the edge E,λ = ( E λ dΓ)/h E , and v , v denote the derivatives of the first and second orders of v. An inverse inequality implies
Writing v h = (v hx , v hy ), we can suppose without loss of generality that Γ C is parallel to the horizontal xaxis (the y-axis is vertical). Using the scaled trace theorem (see, e.g., Grisvard, 1985) ,
(E K represents the set of the three edges belonging to the triangle K), we deduce that
A sign preserving mixed finite element approximation for contact problems
Therefore, denoting again byλ the piecewise constant function defined on Γ C such thatλ | E = ( E λ dΓ)/h E , we obtain by addition
According to (19), we deduce that
Then we use the standard estimate λ −λ 0,ΓC ≤ Ch η λ η,ΓC (the latter result is obtained in the proof of Lemma 2) together with the trace theorem (the coefficients in the elasticity operator are supposed to lie in C 1 (Ω)). The term λ − θ h 0,ΓC is estimated by using an inverse inequality, Lemma 3, and the optimal approximation properties in H
(20) More precisely, we have
Finally,
Lemma 6. Assume that the hypotheses of Lemma 4 hold. Then there exists a positive constant C independent of h and satisfying
Proof. We write
Using Lemma 2 when adding the local estimates gives
and the bound (21) yields
We finally obtain the optimal a priori error estimate for the sign preserving method.
Theorem 1. Let (λ, u) be the solution of (7) and let (λ h , u h ) be the solution of (9). Assume that (18) 
,ΓC , and these properties (together with some inverse estimates) would end the proof. Unfortunately, such properties are not available (see also the discussion at the end of Section 4).
Remark 3.
A deeper insight into the estimates shows that the direct error analysis of the finite element method (9) by circumventing the standard approximation (13) would be nontrivial (at least not shorter than the present analysis).
The assumption (18) is concerned with the finite number of transition points between contact and separation zones. Actually, we cannot prove that such an assumption is satisfied in practice. Without this hypothesis we can obtain a convergence result for the finite element method (9). This is achieved in the next corollary.
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Corollary 1.
Let (λ, u) be the solution of (7), and let (λ h , u h ) be the solution of (9). Assume that u ∈ (H 3 2 +η (Ω)) 2 with 0 < η ≤ 1/2. Then there exists a positive constant C independent of h and satisfying
Proof. The result is straightforward by noting that the solution (θ h , u h ) of (13) 
u 3 2 +η,Ω , and that the proofs of Lemmas 4-6 remain the same when dropping the assumption (18). (21), it becomes possible to obtain the same bounds as in Theorem 1 and Corollary 1 for the error with a weighted L 2 -norm on
Remark 4. Using the same techniques as in
the multipliers: u − u h 1,Ω + h 1 2 C λ − λ h 0,ΓC .
Numerical experiments
This section is concerned with the numerical implementation of the finite element method (9) and its comparison with the standard approach (13). We suppose that the contacting bodies are homogeneous isotropic so that Hooke's law (2) becomes
where I represents the identity matrix, 'tr' is the trace operator, E and ν denote Young's modulus and Poisson's ratio, respectively, with E > 0 and 0 ≤ ν < 1/2. Hereafter we denote by N C the number of elements on the contact area Γ C . In the first test we compute the values of the standard and nonstandard multipliers θ h and λ h , and we discuss the convergence rate of λ h − θ h 0,ΓC . The second example deals with Hertzian contact where the exact multiplier λ is known. This allows us to compare the accuracy of both discrete multipliers. A case with two contacting bodies and nonmatching meshes on the contact area is considered in the third example. We show how the sign preserving approach can be extended to this framework, at least numerically.
6.1. First example with slow variation in the contact pressure. We study a realistic physical example also considered by Hild and Nicaise (2007) (see Fig. 1 ). We choose the domain Ω =]0, 1[×]0, 1[, and we suppose that the body is an iron square of 1 m 2 whose material characteristics are E = 2.1 10 11 Pa, ν = 0.3 and Fig. 1 . Geometry of the body Ω. ρ = 7800 kg · m −3 . The body is clamped on its right side; it is initially in contact on its left side and no forces are applied on the upper and lower boundary parts of Ω. Moreover, the body is acted on by its own weight only (with g = 9.81 m · s −2 ). We consider quasi-uniform un- 
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structured meshes. A first configuration with 51 nodes on the contact area is depicted in Fig. 2 . We see that Γ C is divided into two parts: an upper part where the body remains in contact with the axis x = 0, and the lower part of Γ C where it separates from this axis. The nodes on Γ C are numbered from 1 (up) to 51 (bottom), and u hn = 0 at nodes 1 to 16 whereas u hn < 0 at the other nodes. The corresponding standard (resp. nonstandard) multipliers θ h (resp. λ h ) are reported in Table 1. As expected, we observe that θ h is sometimes negative and that it shows some artificial (from a mechanical point of view) oscillations on the separation part (nodes 16 to 51). These oscillations weaken when moving away from the transition point (node 16). We then compute the convergence rate of λ h − θ h 0,ΓC in order to illustrate Lemma 6. The results are reported in Table 2 , where this expression is computed from N C = 1 to N C = 128. The average convergence rate (between N C = 8 and N C = 128) is 1.25, and a limit rate near 1.24 is observed. In this example, we avoid computing the convergence rates of λ − λ h 0,ΓC and λ − θ h 0,ΓC since the problem (7) does not admit an explicit solution (λ, u) in this case and the choice of a reference multiplier would require to choose one of the methods (9) or (13). This study will be performed in the next example, where the exact expression of the multiplier λ is known. Of course, such a phenomenon does not occur for the reference displacement since they coincide for both finite element methods (9) and (13) We set e = u ref − u h . Since the limit convergence rate of (a(e, e)) 1/2 (which is a norm equivalent to u ref −u h 1,Ω ) is near 0.86, one could merely believe that the convergence rate of λ h − θ h 0,ΓC would be around 0.36. In fact, the computed rate (of 1.25) is much higher, a phenomenon that we cannot explain.
From this example we conclude, as expected, that the multiplier λ h is more relevant from a mechanical point of view than θ h .
Example of Hertzian contact.
The next example is concerned with the Hertzian contact problem of an elastic ball with an infinite half plane. The material characteristics of the ball of radius r = 1 mm are chosen as in the work of Hüeber and Wohlmuth (2005a) : ν = 0.3, E = 7000 MPa, and a force of (0, −f ) with f = 100 N is applied at the top of the ball. Since the analytical expression of the contact pressure is
we have at our disposal a useful analytical solution for a comparison of λ h and θ h . Here b ≈ 0.1286 mm and
In our computations we choose quasi-uniform unstructured meshes (we do not symmetrize the problem and the mesh is not symmetric). The results are reported in Tables 3  and 4 . We first observe that the convergence rates of λ − λ h 0,ΓC and λ − θ h 0,ΓC are not constant when h decreases: the average rates are 1.057 and 0.896, respectively, so that the terms λ − λ h 0,ΓC remain smaller than λ − θ h 0,ΓC as h vanishes. From the expression (22), we see that (max ΓC λ, min ΓC λ) is approximately (494.8, 0). The first argument is reached by the two approaches, but the value 0 is not obtained in a satisfactory way by θ h .
From this example we conclude that the sign preserving approach involving the nonnegative multiplier λ h is more accurate than the standard method.
6.3. Example with two contacting bodies and nonmatching meshes. As the third example we choose a problem of two contacting bodies Ω 1 and Ω 2 with nonmatching meshes on the common contact zone Γ C = Ω 1 ∩ Ω 2 . The dimensions of Ω 1 and Ω 2 are 1 mm × 0.05 mm. Poisson's ratio ν = 0.2 for both solids, Young's modulus E 1 = 13000 MPa for the upper body, and E 2 = 30000 MPa for the lower body are assumed. There are two applied boundary loads on Ω 1 , of a value of 100 N/mm (see Fig. 3 ): g 1 (on the upper half of the left side) and g 2 (on the right half of the upper side). Symmetry conditions are applied on the lower and right parts of the structure. The mesh of Ω 1 (resp. Ω 2 ) divides Γ C into 119 (resp. 120) identical segments. In order to handle nonmatching meshes, we consider a global contact condition of a mortar type. For error estimates dealing with mortar methods for contact problems, we refer the reader to, e.g., the works of Ben Belgacem et al. (1999) , Coorevits et al. (2002) , Hild (2000) , Hüeber and Wohlmuth (2005a; 2005b) , and Wohlmuth and Krause (2003) . Such a contact condition furnishes a multiplier denoted θ 1 h which does not satisfy the nonnegativity condition. Our aim is to extend, at least numerically, the range of applicability of the sign preserving method to a configuration with nonmatching meshes.
We denote by V (14)). Note that the set W 1+ h involves functions defined on Γ C which are continuous, nonnegative and piecewise of degree one on the mesh of Ω 1 . Of course, one could also choose a symmetrical definition (e.g., M 2+ h ) using the mesh of Ω 2 . The standard approach is to find
h satisfying (see Coorevits et al., 2002; Hüeber and Wohlmuth, 2005a 
where a(·, ·) and L(·) denote respectively the bilinear and linear forms involving both bodies Ω 1 and Ω 2 . The sign preserving approach is to find u h = (u (20)). As expected, the deformed configuration shows a separation area on the left part of Γ C and a contact area on the right part of Γ C (see Fig. 4 ). The multiplier θ 1 h , representing the contact pressure is depicted in Fig. 5 . As 497 already noticed, the multiplier is not always nonnegative and it shows some artificial oscillations near the transition point from contact to separation. Besides, the multiplier λ 1 h is represented in Fig. 6 and we observe that it is more relevant from a mechanical point of view. We observe that the multiplier value is close to 100 on the contact zone which corresponds to the value of g 2 . Finally, the difference θ 1 h −λ 1 h is depicted in Fig. 7 and we see that θ 1 h and λ 1 h differ in a significant way near the transition point. Again, we conclude that the new approach involving λ 1 h seems to be more accurate than the standard one when handling nonmatching meshes. 
Conclusion
In this work we consider a mixed finite element method which furnishes primal and dual variables with a good sign in opposition to the already known mixed methods for contact problems (in particular, the classical approach). The study of the method uses an averaging positivity preserving operator, which is analyzed and discussed. The convergence analysis in this paper leads to the same error estimates as the standard approach. The numerical experiments obtained with the new method seem to be more relevant and efficient in comparison with the standard method. Finally, the friction (see, e.g., Hild, 2002) or the crack problems (see, e.g., Belhachmi et al., 2005; Khludnev and Sokolowski, 2004) are some possible applications of the method.
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